Calculus Exercises: Solutions

split into factors:
(1) 2> + 52+ 6

Assume the factors to e + a) and(x + b):
(z +a)(z+b) =

22 +ax + bx +ab =
2?2+ (a+b)x + ab

if this equates® + 5z + 6, thena + b = 5 andab = 6, SO a possible solution is= 2 andb = 3,
i.e

2® 452+ 6 = (z+2)(z + 3).

Alternative: use the quadratric formuld"=12 (with a, b, andc the coefficients of the qua-
dratic equation) to find the values ofwhere the equation equals 0. This gives= —2 and
x = —3 which leads to the same solution.

(2) 2> —x2—6
Similarto(1.): 22 — 2z — 6 = (z — 3)(z + 2).

B)2?+z2—-20= (z+5)(z —4)
(4) 322 — 24z + 45

There are several correct solutions. One is to divide by dledficient ofz? (here 3) to get a form
similar to the one in the previous questions:

37 — 24z + 45 = 3(2* — 8z + 15) = 3(x — 3)(z — 5).
(5) 222 + 3z —2=2(z+ 32— 1) =2(z — 1)(z + 2)

!

100!
(6. Computeﬁ

100! 100-99-98-97-96...1

= = 100-99 - 98 = 970200.
97! 97-96-95...1 0099 - 98 = 970200




(7.) Simplify (for n even):

nl(n —2)(n—4)!...0! n! n—2) (n—4)! 21
(7(1—1)!)<7(L—3)!)...1! =<n_1>!'§n_3§r§n_5§!- g O =n=2)(n—4)...2-1.

(8.) Simplify 1/ (21/3)6(,/2)12

V(21/3)6(v/2)12 = V22 .26 = /28 = 28/4 = 92 — 4,

(9.) Simplify exp(—1In4 — In3)

1 1/4 1/4 1
exp(—In4 —In3) = exp <ln1—ln3) = exp <ln ?/) ) %:ﬁ

(10.) Find the center coordinates and radius of the ciréle- 4> — 4x + 6y = 12

We need to work towards the forfm — a)? + (y — b)? = r2. Our equation containg® — 4x . . .
which suggests using: — 2)2. But using(z — 2)? = 2% — 4z + 4 adds. . . + 4, so we must add
4 to the right side as well. A similar reasoning is followed tioe y:

22 +y? — dx + 6y = 12

(22 — 4z) + (y* + 6y) = 12

(2 —dz+4)+ (Y +6y+9)=12+4+9
(x —2)%+ (y + 3)* = 25.

This corresponds to a circle with centér —3) and radius,/25 = 5.

(11.) Given this figure and data

AB || DE
E D AB =28
C DE =3
DF =4
AF =5
ZB (right) = ZF =90°
A F B BC = BD,

compute the ared BCDE.

The area of the trapezoid BDE equals®f? - 4 = 22. We only need to compute the area of
BCD now. Using the pythagorean theoremD2 = BF? + DF? we find BD = 5 and hence
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BC = 5. Because/B = 90°, BD and BC are the base and height of triangk'D. So the
area ofBC'D equals; - 5 - 5 = 125. AreaABCDE is therefore22 + 123 = 341.

(12.) Compute the area of the triangle formed by the intersectbtise lines:

L:y = 142
O—
1

Is: y = 3—3x.

O
<
I

The three intersection point$, B, andC' are found by equating & l», lo & I3, andl; & I3
respectively. for exampld: 1+ z = 5 — z, which leads tar = 2. Substituting in/; (or /;) leads
toy = 3,804 = (2,3). Similarly, we findB = (4,1) andC = (4/3,7/3).

Call the triangle sides opposite ¥y B, andC repectivelya, b, andc. By using the pythagorean
theorem on the triangle vertices we find:

a> = (4—4/3)2+ (1—-17/3)2=180/9
= (2—4/3)%+(3-7/3)>=8/9
A=(2-42+3-12=38

There are several ways to proceed now:

Alternative 1. Observe that; L ;. (You can see this because the products of their slopes are
—1, or, alternatively, because the inner product of the dimactectors of the lines equals 0.)
This means that andb are base and height of the triangle, and hence the area e}:pbais
3V8/8/9=4/3

Alternative 2: From linear algebra, we know the area of the triangle carxpeessed in terms

of the determinant of the matrix formed by the vectors cqoasling to two of the triangle sides:

a; by
as by

1

1
2 2

—8/3 —2 ':
4/3 2

Taking the absolute value —the determinant is signed, leatiarof course always positive— gives
us# again.
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Alternative 3: Using only calculus (and not observing the perpendictylamialternative 1), you
can still solve this 'brute force’ by computing a height o¢tiiangle. For example: call= BC
the base of the triangle. Callthe height of the trianglg} goes throug and is perpendicular
to a. Call~y the angle at.

To computeh = bsin~y, we need to knowy. We can compute from the cosine law:c? =

a® 4 b* — 2ab cos . Substitutingz, b, andc and solving givesosy = 1/4/10 ~ 0.316. Using a
calculator we findy ~ 1.2491 andsin vy ~ 0.9487 (You can also do this without approximations



by using the identitycos? v + sin?y = 1.) Hence,h ~ 0.8944. The triangle area is then
Llah 2 1.3333.

(13.) Give the equation of the lin€ F’ given

A=(0,0)
E = (16,0)
< ABDE || z-axis
LA=T7/4

/B=/D=r/2
LE =7/6
BC =6

A B E DF =4.

Their are many possible solutions here. This is one:
SolveAB from tan £ = -°=. This givesAB = 6.

Solve DE from tan f = 4. This givesDE = 1—23 — 44/3.

SoC = (6,6) andF = (16 — 4+/3,4).
Assume the line througf'F" equalsy = ax + b. Filling in the coordinates of' and F’ leads to
the equations

S

6 = 6a-+b
4 = (16 —4V3)a+b

The quickest way to solve this is to elimindtéy subtracting the two equations:
2 = a(6 — 16 + 44/3), which leads taz = Tzli—s(% —0.651). Substituting this in one of the

original equations leads to= 6 — 52— (= 9.907).

Compute the derivative of
(14.) sin(x) + cos(x)

The derivative of a sum equals the sum of the derivatives, so

d , . )
%(sm(x) + cos(x)) = cos(x) — sin(z).

(15.) sin(z) cos(z)

Using the product rule:
d

%(sin(x) cos(z)) = cos(w) cos(x) + sin(z)(—) sin(x) = cos®(z) — sin®(z) = cos(2x).



(16.) sin(cos(x))

By the chain rule withy = sin andv = cos:

%(sin(cos(x))) = cos(cos(x))(—) sin(z) = — sin(x) cos(cos(x)).

Compute the extrema of

(A7) f(z) = (x = 2)(z — 4)

f(x)=(x—2)(x —4) =2°> — 62 +8,s0f'(z) =2z — 6,50 f'(z) = 0 if z = 3. The extremum
is therefore(3, f(3)) = (3, —1).

(18) f(x) = sin(x) cos(x), with z € [—m, 7]

f'(x) = cos(2x) (see ex.15).

f'(x) =0

cos(2x) =0

2z = 5 + kr forintegerk
r=75+ /{:%W.

Solutions within the domain are-2r, —1m, 17, 37}. The corresponding extrema are

4
(_%ﬂ-a %)7 (_iﬂ-a _%)7 (iﬂ-a %)7 (%ﬂ-a _%)

(19.) What is the maximum area of a rectangle with circumferencedvadthz?

Call the rectangle widtlr and the heighy. The circumference equals 42y = 8, soy = 4 — .

The rectangle area equalg = z(4 — z) = 4z — 2?. This area is maximum if the derivative is
zero, so wherd — 2z = 0, so whenz = 2 (so the rectangle is in fact a square). The area then is
2-2=4.



